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Black holes possess trapping regions which lead to intriguing dynamical effects. By properly
scattering test fields off a black hole, one can extract energy from it, leading to the growth of the
amplitude of the test field in expense of the black hole’s energy. Such a dynamical phenomenon is
called superradiance. Here, we study charged-scalar-field instabilities of Reissner-Nordstro¨m black
holes immersed in a d−dimensional de Sitter Universe. By performing a thorough frequency-domain
analysis we compute the unstable quasinormal resonances and link their presence with a novel family
of quasinormal modes associated with the existence and timescale of the cosmological horizon of
pure de Sitter spacetime. Our results indicate that such an instability is caused by superradiance,
while the increment of dimensions amplifies the growth rate and enlarges the region of the parameter
space where, both massless and massive, test fields are unstable.
I. Introduction. The study of linear perturbations has
a long history in General Relativity (GR). A perturba-
tive analysis of black hole (BH) spacetimes was pioneered
by Regge and Wheeler [1], and has proven crucial in sev-
eral contexts, ranging from astro-physics to high-energy
physics [2, 3].
The stability analysis of BH spacetimes, an under-
standing of ringdown signals in the post-merger phase of
a binary coalescence and their use in tests of GR, or even
the analysis of fundamental light fields in the vicinities
of BHs are some noteworthy examples where BH pertur-
bation theory plays an important role [4–6].
Perturbing a BH with small fluctuations could lead to
two possible outcomes; the BH is stable under perturba-
tions, due to damping mechanisms that act on the BH
exterior, and will relax after the initial disruption or the
BH is unstable under perturbations and will inevitably
disappear or evolve to another stable object. Although
astrophysical BHs are expected to be stable under small
fluctuations, a lot of concern has been given to BH so-
lutions that might be prone to instabilities due to new
phenomena that might be possibly unveiled.
Quiet strikingly, it has been shown that one can extract
energy from BHs through scattering techniques [7, 8] by
properly probing them with test fields, and under certain
circumstances the test fields can grow in time in expense
of the BH’s energy. This effect is called superradiance [9]
and was explored in the context of rotating and charged
BHs [10–28], stars [29–31] and other compact objects [32].
Perturbation theory has revealed that BHs vibrate in a
well described manner, exhibiting a discrete spectrum of
preferable oscillatory modes, called quasinormal modes
(QNMs) [4–6, 33, 34]. Linear perturbation theory has
been an active field of study for decades and has been
proven a very practical tool for testing the modal stabil-
ity of BHs and compact objects, both analytically and
numerically. Various studies have brought to light space-
times which upon perturbations become unstable (for an
incomplete list see [35–52]).
An interesting study [36] suggests that higher-
dimensional Reissner-Nordstro¨m-de Sitter (RNdS) space-
times are gravitationally unstable. Such a gravitational
instability has been further examined in [42, 43, 53].
Specifically, d−dimensional RNdS BHs with d > 6
and large enough mass and charge, are unstable under
gravitational perturbations. Why only d = 4, 5 and
6−dimensional RNdS BHs are favorable to be gravita-
tionally stable is still unknown.
More recently, a novel instability was found in
4−dimensional RNdS BHs [39, 40]. The l = 0 charged
scalar perturbation was proven to be unstable for vari-
ous regions of the parameter space of RNdS BHs. The
addition of an arbitrarily small amount of mass acts as a
stabilization factor, as well as the increment of the scalar
field charge beyond a critical value. Such an instability
is caused by superradiance.
In this work, we investigate such an instability in
higher-dimensions by employing a frequency-domain
analysis. We analyze both massless and massive charged
scalar perturbations in subextremal d−dimensional
RNdS spacetime and show that the instability still per-
sists. For simplicity, we narrow down our study in
d = 4, 5 and 6 dimensions.
Intriguingly, we will show that the superradiant in-
stability originates from a new family of QNMs which
exists only in asymptotically de Sitter (dS) BHs and
can be very well approximated by the QNMs of pure
d−dimensional dS space. This novel family was very re-
cently identified in asymptotically dS BHs for both scalar
[54–57] and fermionic perturbations [58]. Finally, we will
demonstrate that as the spacetime dimensions increase,
the instability is amplified, occurs for a larger region of
the subextremal parameter space and still satisfies the
superradiant condition.
II. Charged scalar fields in higher-dimensional
Reissner-Nordstro¨m-de Sitter spacetime. The
d−dimensional RNdS spacetime is described by the met-
ric
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2d−2, (1)
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2with
dΩ2d−2 = dχ
2
2 +
d−2∏
i=2
sin2 χidχ
2
i+1.
The metric function reads
f(r) = 1− m
rd−3
+
q0
r2(d−3)
− 2Λ
(d− 2)(d− 1)r
2, (2)
where Λ is the cosmological constant and m, q0 are func-
tions related to the ADM mass M and electric charge Q
of the BH, respectively,
M =
d− 2
16pi
wd−2m, Q =
√
2(d− 2)(d− 3)
8pi
wd−2q0, (3)
with wd = 2pi
d+1
2 /Γ(d+12 ), the volume of the unit
d−sphere. The causal structure of a subextremal higher-
dimensional RNdS BH possesses three distinct horizons,
namely the Cauchy r = r−, event r = r+ and cosmolog-
ical horizon r = rc, where r− < r+ < rc. The associated
electromagnetic potential is
A = −
√
d− 2
2(d− 3)
q0
rd−3
dt. (4)
The propagation of a massive charged scalar field on a
fixed d−dimensional RNdS background is governed by
the Klein-Gordon equation
(DνDν − µ2)ψ = 0, (5)
where Dν = ∇ν − iqAν is the covariant derivative and
µ, q are the mass and charge of the field, respectively.
By expanding ψ in terms of spherical harmonics with
harmonic time dependence,
ψ =
∑
lm
Ψlm(r)
r
d−2
2
Ylm(χ)e
−iωt, (6)
and dropping the subscripts on the radial functions, we
obtain the master equation
d2Ψ
dr2∗
+
[
ω2 − 2ωΦ(r)− V (r)]Ψ = 0 , (7)
where
Φ(r) =
q0q√
2(d−3)
d−2 r
d−3
, (8)
is the electrostatic potential, dr∗ = dr/f(r) is the tortoise
coordinate and
V (r) = f(r)
(
µ2 +
l(l + d− 3)
r2
+
(d− 2)f ′(r)
2r
+f(r)
(d− 4)(d− 2)
4r2
)
− Φ(r)2, (9)
is the effective potential, with l an angular number, cor-
responding to the eigenvalue of the spherical harmonics.
Prime denotes the derivative with respect to the radial
coordinate r.
We are interested in the characteristic QNMs ω of such
spacetime, obtained by imposing the boundary condi-
tions [5]
Ψ ∼

e−i(ω−Φ(r+))r∗ , r → r+,
e+i(ω−Φ(rc))r∗ , r → rc.
(10)
The QN frequencies are characterized, for each l, by an
integer n ≥ 0 labeling the mode number. The funda-
mental mode n = 0 corresponds, by definition, to the
non-vanishing frequency with the smallest (by absolute
value) imaginary part.
According to the time dependence in (6), when
Im(ω) < 0, the perturbation will decay in time and we
have a stable mode. On the other hand, if Im(ω) > 0,
then the perturbation will grow in time and we have an
unstable mode. Due to the underlying symmetry of (7)
Re(ω) → −Re(ω) and Φ(r) → −Φ(r), we will consider
only cases where qQ > 0.
The results shown in the following sections were ob-
tained mostly with the Mathematica package of [54]
(based on methods developed in [41]), and checked in
various cases with a Wentzel–Kramers–Brillouin (WKB)
approximation [59] and a matrix method that was devel-
oped based on the non-grid based interpolation scheme
proposed in [60].
III. Superradiance in higher-dimensional
Reissner-Nordstro¨m-de Sitter spacetime. The
effect of superradiantly unstable charged scalar fields
scattering off a 4−dimensional RNdS spacetime has
been analyzed in [39, 40]. To generalize the study
in d−dimensions, we consider charged massive scalar
fields scattering off the BH effective potential. Such a
scenario demands that we impose the following boundary
conditions in (7):
Ψ ∼

Be−i(ω−Φ(r+))r∗ , r → r+,
e−i(ω−Φ(rc))r∗ +Aei(ω−Φ(rc))r∗ , r → rc.
(11)
Eq. (7) also possesses a complex conjugate solution Ψ¯.
It is easy to prove that the Wronskian of the indepen-
dent solutions Ψ, Ψ¯ is r∗-independent and therefore, con-
served. Due to the conservation of the Wronskian, we can
derive the following relation associating the reflection (A)
and transmission (B) coefficients as follows:
|A|2 = 1− ω − Φ(r+)
ω − Φ(rc) |B|
2. (12)
From (12) we recognize that superradiance occurs if
Φ(rc) < ω < Φ(r+), (13)
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FIG. 1. Imaginary parts of n = 0 (left) and n = 1 (right) BH dS QNMs with l = 1 of a d−dimensional RNdS BH with M = 1,
Λ = 0.01 and Q = 0.5 versus the charge coupling qQ. The circles designate the respective scalar modes of pure dS space with
Λ = 0.01.
which designates that the amplitude of the reflected wave
is larger than the amplitude of the incident wave. In [40]
it was proven that the real part of ω satisfying (13) is
the necessary, but not sufficient, condition for the insta-
bility. Thus, the instability can only take place when
(13) is satisfied, but on the other hand, (13) can also be
satisfied by stable modes. As we will see in the follow-
ing, the same holds for higher-dimensional RNdS space-
times. This result is qualitatively different compared
to the higher-dimensional asymptotically anti-de Sitter
BHs, where the necessary condition is also the sufficient
one [61, 62].
IV. The modes of asymptotically de Sitter black
holes. The QNMs of asymptotically flat BHs are very
well analyzed. Many spherically-symmetric BHs are
known to possess a region outside the event horizon which
completely characterizes the QN spectrum of perturba-
tions with large frequencies. This region is called the
photon-sphere (PS), i.e. a hypersurface where null par-
ticles are trapped in unstable circular orbits. It has been
shown [63] that such a region controls the stability and
decay of perturbations on the exterior of many BHs1. For
example, the decay timescale of perturbations is associ-
ated with the instability timescale of null geodesics at the
PS.
A complete picture of the modes of asymptotically dS
BHs was lacking till recently. Besides the PS modes,
there is another family which is completely distinct from
the former and is associated with the accelerated expan-
sion of the Universe [68, 69]. The BH dS family of modes
does not converge in any limit to the PS family and it
was first found in [54, 55] for Schwarzschild-dS (SdS) and
RNdS BHs. Such modes have a surprisingly weak depen-
dence of the electric charge of the BH, if it has one, and
1 There are some counter-examples of this concept in Einstein-
Lovelock gravity [64] as well as near-extremal or extremal BHs
[55, 65–67].
can be very well approximated by the modes of purely de
Sitter space. The scalar QNMs of pure d−dimensional de
Sitter space are [70, 71]
ωpure dS/κ
dS
c = −i(l + 2n) , (14)
ωpure dS/κ
dS
c = −i(l + 2n+ d− 1) , (15)
where κdSc =
√
2Λ/(d− 2)(d− 1) is the surface gravity
of the cosmological horizon of pure d−dimensional dS
space. The fundamental n = 0 BH dS QNMs reported
in [54, 55, 57] are approximated, with high accuracy, by
(14), while higher overtones have larger deformations to
(14) and (15). Equivalent results have been obtained for
fermionic perturbations on RNdS spacetime [58].
In Fig. 1 we show the imaginary parts of an l = 1
BH dS mode for various dimensions with respect to the
charge coupling qQ. We observe that the fundamental
mode and the first overtone of this family matches very
well Eq. (14) (depicted with circles) for qQ = 0. Eq. (15)
only contributes for higher overtones. It seems that as
the dimensions increase, the modes become more robust
against the increment of qQ, at least for the given choice
of parameters2. In any case, all l > 0 modes belonging to
the BH dS family are stable. This can be explained by the
form of the effective potential of the fixed background.
In Fig. 2 we demonstrate that for l = 1, (9) does
not form any potential wells outside the PS which might
designate a possible long-lived mode or even an unsta-
ble one. On the contrary, for l = 0 scalar perturbations,
(9) exhibits a potential well between the PS and the cos-
mological horizon (see Fig. 2). Here, we show that the
2 But still, with proper increment of qQ, even the higher-
dimensional BH dS QNMs are affected. For example, the funda-
mental BH dS mode for d = 5, M = 1, Λ = 0.01 and qQ = 50 is
Im(ω) = −0.0363i, while for qQ = 0 is Im(ω) = −0.0408i. The
fundamental BH dS mode for d = 6, M = 1, Λ = 0.5 and qQ = 50
is Im(ω) = −0.2133i, while for qQ = 0 is Im(ω) = −0.2236i.
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FIG. 2. Effective potentials of l = 0 (top panel) and l = 1 (bottom panel) massless charged scalar perturbations of a
d−dimensional RNdS BH with M = 1 and Q = 0.5 for various charge couplings qQ. The cosmological constants used are
Λ = 0.005 for d = 4, Λ = 0.25 for d = 5 and Λ = 1 for d = 6.
potential wells found in [39] continue to exist in higher di-
mensions which is an indication that instabilities might
occurs even in d > 4 RNdS BHs under charged scalar
perturbations.
It is crucial to note the existence of a ”zero-mode” for
l = 0 scalar perturbations (see equation (14)). Various
time-domain calculations of linear perturbations in SdS
and RNdS spacetimes have shown that neutral l = 0
scalar perturbations do not decay in time but rather relax
at a constant value [39, 40, 72, 73], in contrast to l > 0
fields which decay exponentially in time. This exactly
occurs due to the existence of the ”zero-mode” of the
BH dS family.
In the following sections, we will see that such modes
are responsible for the superradiant instability of charged
scalar fields in higher-dimensional RNdS spacetime.
V. Unstable massless charged scalar fields. In
this section, we focus on the dominant modes of charged
massless scalar fields in d−dimensional RNdS. The dom-
inant modes will be the ones that control the dynamical
evolution of the perturbation at late times. As shown in
the previous section, unstable modes may occur for l = 0
while l > 0 are always stable.
We have identified that the existence of the ”zero-
mode” is directly linked to the QNMs of pure
d−dimensional dS space and that this mode is prone to
instabilities if charge is introduced to the perturbing field
(see [39, 40]). As shown in Fig. 3, for qQ > 0 the ”zero-
mode” evolves to QNMs with positive imaginary parts,
thus unstable. The increment of qQ increases the imagi-
nary part of the perturbation till its maximized. Beyond
that point, the instability is saturated and the family
acquires a negative imaginary part, thus restoring the
modal stability. The stabilization due to large qQ can be
explained through the form of the effective potential.
In Fig. 2, we demonstrate that the 4−dimensional pic-
ture of [39] remains similar in higher dimensions. By in-
creasing qQ, (9) acquires a potential well which serves
as a trapping region for waves to be captured and am-
plified. The instability occurs in this parametric region.
More increment of qQ leads to a purely negative effective
potential without a potential well.
The increment of dimensions, though, make the effec-
tive potential more robust to the increment of qQ. Hence,
higher values of qQ are required for the potential well to
vanish. This can be explained by the fact that (9) forms
a deeper potential well as the dimensions increase. This
leads to the amplification of the instability, as well as
the enlargement of the parameter space region where the
instability occurs.
The real part of the unstable modes increases
monotonously with respect to qQ (see Table I). The imag-
inary part decreases more rapidly for larger Λ and smaller
Q. It is evident that as we approach extremality, the peak
of instability is slightly increased.
Such a peak seems to occur for sufficiently small cosmo-
logical constants till the point where Λ reaches a critical
value beyond which no instability is observed. In Fig. 4
we present the dependence of the unstable l = 0 modes
to the cosmological constant. In all cases, we recognize
two turning points: the first one occurs at the peak of
instability, where the imaginary part is maximized for
the specific choices of parameters, while the second one
occurs at the point where the imaginary part is mini-
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FIG. 3. Imaginary parts of l = 0 charged massless scalar perturbations on a fixed d−dimensional RNdS BH with M = 1,
Q = 0.5 (top panel) and Q = 0.999Qmax (bottom panel) versus the charge coupling qQ, for various Λ.
mized. Beyond the latter, the imaginary part increases
again and tends to 0 from below. At Λ = Λmax, Im(ω)=0,
where Λmax is the extremal cosmological constant of the
BH spacetime. This is in accordance with the analytical
results in [74] (at least for 4−dimensional RNdS BHs).
Interestingly enough, in Table I we show that the l = 0
scalar perturbations in d−dimensional RNdS BHs with
arbitrarily small or large qQ, fit the superradiant condi-
tion (13), even when the modes are stable. Moreover,
we have found no unstable modes which do not satisfy
(13). This demonstrates that superradiance is necessary
but not sufficient for the instability to occur.
VI. Unstable massive charged scalar fields. The
addition of a non-zero scalar field mass µ affects the un-
stable modes in a manner shown in Fig. 5. The Im(ω)
shift downwards with the increment of µ which leads to
increasingly smaller regions of qQ where unstable modes
exist. After a finite µ, perturbations become stable for all
qQ. This is due to the upwards shift of (9) as µ increases
which eliminates the potential well formed for µ = 0.
From Fig. 5 we realize that two critical charge cou-
plings exist, qQc(min) beyond which linear instabilities
arise and qQc(max) beyond which stability is restored.
As expected, qQc(min) = 0 and qQc(max) is maximized
for µ = 0. With the increment of µ, qQc(min) increases
and qQc(max) decreases until a finite mass where they
coincide. Beyond that point they both vanish and all
l = 0 modes are stable.
Curiously enough, unstable QNMs with non-zero mass
exist in various regions of the parameter space and, even
more strikingly, they still satisfy (13). In Table II we
show that the addition of a mass term can still lead to
unstable and stable superradiant modes. The saturation
of the instability with the increment of µ can be explained
by the fact that the gravitational attraction between the
massive field and the BH becomes dominant for large
enough µ if one compares it with the electric repulsion
between the BH and scalar field charges qQ.
VII. Conclusions. In the present work, we study
a dynamical instability emerging from a spherically-
symmetric charged scalar perturbation propagating on a
fixed d−dimensional RNdS background. Such an insta-
bility has a superradiant nature, therefore the scattered
wave’s amplitude can grow in expense of the BH’s elec-
tromagnetic energy.
By performing a thorough frequency-domain analysis
of higher-dimensional RNdS BHs under charged scalar
perturbations we realize that the source of instability is
directly linked with the accelerated expansion of the dS
Universe, as well as the QNMs of pure d−dimensional de
Sitter space.
As the PS vibrates when we probe it, leaking out en-
ergy in a particular manner described by QNMs, so the
cosmological horizon fluctuates. These new ”oscillations”
have a distinct nature, comparing to any other QN os-
cillatory mode. They originate from purely imaginary
modes, very well approximated by the pure de Sitter
space QNMs and even exhibit a stationary mode ω = 0
for any dimension with vanishing angular momentum.
When charge is introduced to the scalar field, the
”zero-mode” evolves to a complex QNM with positive
imaginary part and monotonously increasing real part.
For a finite region of the charge coupling qQ the family
remains unstable which lead to a growing profile of the
perturbation with respect to time. Such modes satisfy
the superradiant condition even when stable configura-
tions occur.
With the increment of dimensions, the instability is
60.5
0.999 Qmax
0 0.04 0.08 0.12 0.16 0.2 0.24-0.016
-0.012
-0.008
-0.004
0
0.002
Λ
Im
(ω)
d=4
Q
0.5
0.999 Qmax
0 0.5 1 1.5 2 2.5-0.07
-0.05
-0.03
-0.01
0.004
Λ
Im
(ω)
d=5
Q
0.5
0.999 Qmax
0 1 2 3 4 5 6-0.13
-0.11
-0.09
-0.07
-0.05
-0.03
-0.010.005
Λ
Im
(ω)
d=6
Q
FIG. 4. Imaginary parts of l = 0 charged massless scalar perturbations on a fixed d−dimensional RNdS BH with M = 1 and
qQ = 0.4 (left), qQ = 3 (middle), qQ = 8 (right) versus Λ. The horizontal line designates when Im(ω) = 0 and the vertical
dashed lines designate the extremal cosmological constants for each choice of parameters.
0
0.01
0.015
0.02
0 0.2 0.4 0.6 0.8 1-0.003
-0.002
-0.001
0
0.001
0.002
0.003
qQ
Im
(ω)
d=4 μ
0
0.03
0.05
0.06
0 1 2 3 4 5 6-0.003
-0.002
-0.001
0
0.001
0.002
0.003
qQ
Im
(ω)
d=5 μ
0
0.05
0.07
0.09
0 2 4 6 8 10 12 14-0.003
-0.002
-0.001
0
0.001
0.002
0.003
qQ
Im
(ω)
d=6 μ
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amplified, leading to larger regions in the parameter
space where the unstable modes occur. Interestingly,
even though the introduction of mass stabilizes the sys-
tem, there are still regions in the parameter space where
the family remains superradiantly unstable.
An open, and still interesting, problem is the nonlin-
ear development of such a system to grasp the end-state
of the dynamically evolving BH (see [75] for the neu-
tral self-gravitating scalar field case). A huge challenge
in such nonlinear evolutions is the very large timescale
of the instability which requires highly precise numerical
developments. In any case, since the increment of dimen-
sions amplifies the instability, it would be more feasible
for such an instability to be tested in higher-dimensional
RNdS spacetime non-linearly and realize if it leads to a
novel scalarized BH or to the evacuation of all matter.
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